Abstract. Let R = n∈N0 R n be a standard graded ring, M be a finite graded R-module and J be a homogenous ideal of R. In this paper we study the graded structure of the i-th local cohomology module of M defined by a pair of ideals (R + , J), i.e. H 
introduction
Let R denotes a commutative Noetherian ring, M an R-module and I and J stand for two ideals of R. Takahashi, et. all in [10] introduced the i-th local cohomology functor with respect to (I, J), denoted by H i I,J (−), as the i-th right derived functor of the (I, J)-torsion functor Γ I,J (−), where Γ I,J (M) := {x ∈ M : I n x ⊆ Jx for n ≫ 1}. This notion is the ordinary local cohomology functor when J = 0 (see [3] ). The main motivation for this generalization comes from the study of a dual of ordinary local cohomology modules H i I (M) (see [9] ). Basic facts and more information about local cohomology defined by a pair of ideals can be obtained from [10] , [4] and [5] . Now, let R = ⊕ n∈N 0 R n be a standard graded Noetherian ring, i.e. the base ring R 0 is a commutative Noetherian ring and R is generated, as an R 0 -algebra, by finitely many elements of R 1 . Also, let J be a homogenous ideal of R, M be a graded R-module and R + := ⊕ n∈N R n be the irrelevant ideal of R. It is well known ( [3, Section 12] ) that for all i ≥ 0 the i-th local cohomology module H and that, in the case where M is finite, H i R + (M) n is a finite R 0 -module for all n ∈ Z and vanishes for all n ≫ 0 ([3, Theorem 15.1.5]).
In this paper, first, we show that H i I,J (M) has a natural grading, when I and J are homogenous ideals of R and M is a graded R-module. Then, we show that, although in spite of the ordinary case, H i R + ,J (M) n might be non-finite over R 0 for some n ∈ Z and non-zero for all n ≫ 0, but in some special cases they are finite for all n ∈ Z and vanishes for all n ≫ 0. More precisely, we show that if (R 0 , m 0 ) is local, R + ⊆ b is an ideal of R and
Also, we present an equivalent condition for the finiteness of components
In the last section, first, we study the asymptotic stability of the set 
graded local cohomology modules defined by a pair of ideals
Let R = ⊕ n∈Z R n be a graded ring, I and J be two homogenous ideals of R and M = ⊕ n∈Z M n be a graded R-module. Then, it is natural to ask whether the local cohomology modules H i I,J (M) for all i ∈ N 0 , also carry structures as graded R-modules. In this section we show that it has affirmative answer.
First we show that, the (I, J)-torsion functor Γ I,J (−) can be viewed as a (left exact, additive) functor from * C to itself. Since the category * C, of all graded R-modules and homogeneous R-homomorphisms, is an Abelian category which has enough projective object and enough injective objects, we can therefore carry out standard techniques of homological algebra in this category. Hence, we can form the right derived functors * H i I,J (−) of Γ I,J (−) on the category * C.
Proof. ⊇: Is clear.
comparing degrees, we get y l 1 x i 1 = 0. Let j 0 > 1 and suppose, inductively, that for all
Again, comparing degrees, we have y
In order to show that y ∈ ∩ k j=1 r(Ann(x i j )) we proceed by induction on m. The result is clear in the case m = 1. Now, suppose inductively that m > 1 and the result has been proved for values less than m. Using the above agreement, we know that
Thus x i j ∈ Γ I,J (M), as required.
To calculate graded local cohomology module
, one proceeds as follows: Taking an * injective resolution
of M in * C, applying the functor Γ I,J (−) to it and taking the i-th cohomology module of this complex, we get
and is a graded R-module.
be an exact sequence of R-modules and Rhomomorphisms. Then, for each i ∈ N 0 , there is a homogeneous connecting homomorphism
I,J (L) and these connecting homomorphisms make the resulting homogenous long exact sequence
The reader should also be aware of the 'natural' or 'functorial' properties of these long exact sequences. Definition 2.4. We define a partial order on the set * W (I, J) := {a : a is a homogenous ideal of R; I n ⊆ a + J for some integer n ≥ 1},
. Therefore, the relation ≤ on * W (I, J) with together the inclusion maps make {Γ a (M)} a∈ * W (I,J) into a direct system of graded R-modules.
As Takahashi et. all in [10] showed the relation between the local cohomology functor H 
of strongly connected sequences of covariant functors.
Proof. First of all, we show that
. Then there are a ∈ * W (I, J) and integer n such that
⊆: Conversely, let x ∈ Γ I,J (M). Then I n ⊆ Ann(x) + J for some n ∈ N. We show that
x ∈ Γ a (M) such that a = r(Ann(x)). As r(Ann(x)) is homogenous by Lemma 2.1, and I n ⊆ Ann(x) + J, we have r(Ann(x)) ∈ * W (I, J) and x ∈ Γ r(Ann(x)) (M). 
for all i > 0 and all * injective R-module E. Now, using similar argument as used in [3, Corollary 12.3.3], one can see that there exists an equivalent of functors
As a consequence of the above remark and [3, Remark 13.1.9(ii)], we have the following.
Corollary 2.7. Let t ∈ Z, then
for all i ∈ N, where (.)(t) : * C → * C is the t-th shift functor.
vanishing and finiteness of components
A crucial role in the study of the graded local cohomology is vanishing and finiteness of their components. As one can see in Theorem 15.1.5 [3] , H i R + (M) n is a finite R 0 -module for all n ∈ Z and it vanishes for all n ≫ 0. In this section we show that, although it is not the same for H i R + ,J (M), but it holds in some special cases. In the rest of this paper, we assume that R = n∈N 0 R n is a standard graded ring and M is a finite graded R-module.
Local cohomology with respect to a pair of ideals does not satisfy in Theorem 15.1.5 [3] , in general, as the following counterexample shows.
Remark 3.1. (i) Let R = Z[X]
and R + = (X). We can see that
(ii) Assume that J is an ideal of R generated by elements of degree zero such that JR + = 0. It is easy to see that in this condition Γ R + ,J (M) = Γ R + (M) and therefore, [3, Theorem 15. 
Therefore, we may assume that M is J-torsion free and so there exists x 0 ∈ m 0 \Z R 0 (M). Now, the exact sequence
Then, by the assumptions and the inductive hypothesis,
for all n ≫ 0. Now, the result follows by induction.
In the following we present an equivalent condition for the finiteness of components 
, we may assume that M is an (R + , J)-torsion free R-module and so R + -torsion free R-module. Hence R + contains a non zero-divisor on M. As M = R + M, there exists a homogeneous element x ∈ R + of degree t, which is a non zero-divisor on M, by [3, Lemma 15.1.4]. We use the exact sequence 0 → M x − → M(t) → (M/xM)(t) → 0 of graded R-modules and homogeneous homomorphisms to obtain the exact sequence
n+jt is a finite R 0 -module for j = 0, . . . , k − 1. Now, the result follows by induction. b)⇒ a) The result follows from the above theorem.
Asymptotic behavior of H
In this section we consider the asymptotic behavior of components H i R + ,J (M) n when n → −∞. More precisely, first we study the asymptotic stablity of the set {Ass R 0 (H i R + ,J (M) n )} n∈Z in a special case. Then, we investigate the Artinianness and tameness of some quotients and submodules of H i R + ,J (M). Let us recall that for a given sequence {S n } n∈Z of sets S n ⊆ Spec(R 0 ), we say that {S n } n∈Z is asymptotically stable for n → −∞, if there is some n 0 ∈ Z such that S n = S n 0 for all n ≤ n 0 (see [1] ). Let the base ring R 0 be local and i ∈ N 0 be such that the R-module H 
, for all i ∈ N 0 , and using [3, Lemma 15.1.4], we may assume that there exists a homogeneous element x ∈ R 1 which is a non zero-divisor on M. Now, by the long exact sequence
for all j ∈ Z, we have H j R + ,J (M/xM) is finite for all j < i − 1. Hence, by the inductive hypothesis,
X for some n 1 ∈ Z and all n ≤ n 1 . Furthermore, there is some n 2 < n 1 such that
Then for all n ≤ n 2 we have the exact sequence
Thus, it shows that
for all n ≤ n 2 . Hence
for all n < n 2 and, using the assumption, the proof is complete.
In the rest of paper, we pay attention to the Artinianness property of the graded modules H 
